Snow and ice are extremely complex materials that respond either as solids or liquids depend ing on the loading conditions. In describing the flow of an avalanche, snow or ice can be modeled as a granular material that obeys Mohr-Coulomb rheology. Numerical calculations based on this theoretical equation show excellent agreement with laboratory experiments.
Ice in glaciers and large ice sheets can be modeled as pseudoplastic fluids obeying a power law equation; one must, of course, include a significant thermo-mechanical coupling term. Observations of drill cores from Greenland indicate the existence of anisotropy caused by thermo-mechanical deformation. Climate scenarios that model large ice sheets, which currently are calculated using pseudoplastic material laws, therefore need to be re-examined.
Introduction
In alpine and polar regions, snow and ice shape daily life; these materials are thus interesting to material scientists from a variety of vantage points. One aspect is their role as elements of our environment, i. e., the use of snow and ice for recreational activities and the danger they represent (in the form of avalanches) to tourists or mountain dwellers. Glaciers and ice sheets (such as in Greenland and Antarctica) are also sensitive indicators of our climate. Through their growth and retraction, they provide evidence about long term global climate variations. They are thus of central importance in climate research, which is currently examining the crucial question of global warming and attempting to predict resulting climatic effects.
In this paper we discuss rheological assumptions that underlie the theoretical models describing avalanche, glacier, and ice sheet dynamics and how the proposed models are employed as diagnostic and predictive tools.
Avalanche Dynamics
Snow and ice avalanches (and other bulk flows such as mud slides, landslides, pyroelastic flows (from vulcanes) and other flows of granular materials) can be categorized in two classes: flow avalanches and powder avalanches (Fig. 1) . In both cases, snow responds as a granular material: in one case as a packed granulate like sand or grain and in the other as a turbulent suspension, like an aerosol or dust in a whirlwind. Because a flowing avalanche is much more Flow avalanches are modeled mathematically as incompressible fluids with a rheological response that obeys a Mohr-Coulomb plastic flow law. The angle of internal friction <!> can be approximated as constant and set equal to the slope a angle as shown in Fig. 2 . Measurements of landslides and snow and ice avalanches have revealed that the total gradient is actually smaller than the slope angle of the sliding material. This is due to mechanical fluidi zation caused by particle collisions i n the strongly sheared boundary layer next to solid (non-flowing) ground. The response of this boundary layer can be modified in simplified form as a Mohr-Coulomb sliding law with a bed friction angle o ( < <jl).
The model is based on the assumption that the ava lanche geometry is long, wide, and thin, with shear rate profiles both parallel and transverse to the flow. The solid ground is assumed to be moderately curved. By integrating the local mass and momentum balances over the avalanche thickness, one obtains equations (averaged in terms of thickness) representing the avalanche height and components of the velocity tan gential to the bed as functions, of both position and time (Fig. 3 [2] , [3] , [4] . Die Neigung der SchuBrinne bzw. der Runse und das
In the momentum balance (based on Newtons fundamental law) the individual terms on the right side represent the following effects:
:> the first term (which acts only in the direction para llel to the dominant flow) represents the gravity force component along the principal flow direction;
:> the second term represents the friction with solid ground; it is proportional to the pressure on the ground (which is equal to the superimposed pressure plus centrifugal force).
:> the last term represents the variation of the integrated normal pressure (in the axial and transverse directions)
s and K are the slope angle and the curvature of the coordinate line in the flow direction, respectively.
K�{tpass are the active and passive earth pressure coefficients, respectively. These coefficients link the normal pressures in the down and cross flow directions with the overburden pressure. The active or passive components become effective when the avalanche extends in either the down and cross flow direction, respectively. These coefficients are func tions of the friction angles o and <j>.
The equations include only two empirically determined phenomenological parameters, o and <j>. They are scalar invariants and therefore cannot describe the relationship between the runout distance of the slid ing material and the total mass of the avalanche.
Experimental Test of the Theory
Laboratory experiments were conducted on flows down inclines of various forms as well as idealized gullies, as depicted in Fig. 3 . These tests are docu mented in detail i n the literature [1] [2] [3] [4] . The incline angle and the flowing material (quartz, marble sand, plastic beads) were both varied, as was the coating on the gully surface, to vary the effective angle.
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Dezember December 1997 Nur der Vollstandigkeit halber sei erwahnt, daB die Annahme Mohr-Coulombschen Verhaltens zur wirklich keitsgetreuen Wiedergabe der Lawinengeometrie bis zur Ablagerung wichtig ist; Annahme eines rein hydroHigh speed photography was used to track the de formed granulate as it flowed. In some cases stereo photography was used to probe the three-dimensio nality of the avalanche. Figure 4 shows a series of snapshots of an avalanche created in the laboratory. Initially, the granulate is held in a spherical cap made of Plexiglas. A rapid upward rotation of the cap causes the granulate to be released. It flows under its own weight and spreads out in the tapered section of the gully (primarily in the down flow direction). Thus, initially it i s subjected to pure stretching motion. However, when the avalanche front approaches the horizontal section of the trough it decelerates, causing it to con tract i n the flow direction and expand in the transverse direction. The avalanche front rapidly comes to a stop while the trailing material continues to flow. This con tinues for about 1.8 s until the material has come to rest in the deposition zone as a compact heap. Figure  5 shows a snapshot of the avalanche contours from the experimental projection as well as the numerical calculations for comparison (which are non-trivial and are detailed in [3] [4] ). Figure 5 also shows contour lines of the deposited hump obtained via experiment and numerical calculation. The agreement between theoretical and experimental results is very good.
For completeness it should be mentioned that the assumption of Mohr-Coulomb behavior is important to provide a realistic model of the avalanche geo metry from initiation to run-out. In contrast, assuming purely hydrostatic behavior that does not differentiate between active and passive soil pressure (i. e., K��tpass = 1) leads to geometrically unrealistic depositions and underestimates the run-out distance of the avalanche for a given gully geometry. While avalanches represent extremely rapid flows, glacier and ice sheet movements fall into the category of creeping flows, with velocities of only a few hundred meters per year [5] [6] [7] [8] . Acceleration terms play no role in the momentum balance, so that this equation reduces to a balance between gravitational forces and stress divergence.
One distinguishes between cold and temperate ice, i. e., the former is ice at a temperature below its melting point and the latter is ice at its pressure-melt point. One thus refers to cold, or tempered, (or poly thermic if both are present) ice masses. Both types of ice are strongly thermodynamically coupled: in cold ice, advection, conduction, and dissipation deter mine the temperate distribution, while in tempered ice dissipation results in the production of melt water. The momentum and energy balances are thus coupled in the material law describing the stress tensor. . S:: 2 :s 0 
represents the strain rate tensor T, the Cauchy stress deviatior, and the root of the second invariant of the stress deviatior, respectively. The parameter n ranges from 2 to 5 (with a mean value of 3) and is the expo nent in the power law equation y = A'tn ( y = shear rate, 't = shear stress, Fig. 6 ). The coefficient A i n (1) con trols the thermal coupling and is a function of tempera ture for cold ice. For temperate ice this coefficient is a function of the water content of the water/ice mixture. For many materials (e. g., oils, polymers, honey) the power law (1) provides an acceptable prediction of the stress-strain rate relationship. One sees from Figure 7 , which shows the Piedmont glacier in the Canadian Arctic, that there are similarities in the flow behavior of such materials and the flow behavior of glaciers. Except for the distance and time scales (which are huge for glacier flow) the flow of such glacier ice differs little from that of honey droplets on a breakfast plate. In applied glaciology (1) is used almost without exception, even though it is well recognized that as £ �o. infinitely large viscosities are obtained. Alternatively, the function
schafft die Regularisierung und umgeht die angespro chene Singularitat [6] , Abb. 6.
Es ist bekannt, daB das Gesetz (1) regularizes the formula, avoiding the singularity described above [6] , Fig. 6 .
It is known that (1) describes stationary creep, but it is not capable of simultaneously representing primary, secondary, and tertiary creep. The pioneers of expen mental ice research held the view that glaciers and large ice sheets flowed via secondary creep, i. e., at minimal creep rates without recrystallisation of the polycrystals. However, both laboratory experiments and in-situ observations suggest that all three types of creep, from primary to tertiary, should be covered by the appropriate stress law. If creep curves obtained in constant stress experiments or extensional curves obtained at constant extension rates are to be para meterized, this must be done using a functional equation such as: Gesetze sind bereits schon vorgeschlagen worden [9] . aber noch weit davon entfernt, die gesamte Geschichts abhangigkeit des zeitabhangigen Kriechverhaltens quantitativ zu erfassen. Es fehlen die zur Parameter identifikation notwendigen Experimente .
Oberdeutlich ist die Unzulanglichkeit des klassischen pseudoplastischen FlieBgesetzes (1) zu Tage getreten an Texturprofilen des GRIP Bohrkernes an der hbch sten Stelle des Grbnlandischen Eisschildes. Hierbei handelt es sich um den gut 3200 m Iangen, vertikalen Eisbohrkern, in welchem in Abhangigkeit der Tiefe die mittlere GroBe der Eiskristallkbrner, die Orientierung der c-Achsen, der Grad der Anisotropie und die Temperatur bestimmt wurden, Abb. 8. Dabei stellt man bis in ca. 700 m Tiefe ein lineares Anwachsen
Here the parameters Cauchy stress T, objective stress rate f, the deformation rate E, objective deformation rate �. and the temperature 8 are all functionally coupled with each other. Neither f nor � can be excluded as variables. Such material laws have been proposed previously [9] for a very different purpose, i. e., to quantify the entire history dependence of the time dependent creep behavior. Experiments to determine values of the parameters in this equation are, however, still lacking.
The inadequacy of the classical pseudoplastic flow law (1) is all too obvious when the texture profiles of the GRIP drill core is examined. This core was obtained from the geodetic highest point of the Greenland ice shelf. It consists of a 3200 m long vertical core. The mean size of the ice crystal grains, the orientation of the c-axis, the degree of anisotropy and the tempera ture were all determined as functions of depth (Fig. 8) . It is noteworthy that the sudden decrease in crystal size at approximately 1600 m represents the tran sition from holocene ice (younger than 11 000 years) to ice from the Pleistocene age.
While the c-axis orientation of the ice crystals appeared relatively randomly distributed in the upper section of the core, on average a more vertical orientation was obtained for samples at lower depths. At very low depths anisotropic polycrystals were obtained that possibly had orthotropic properties; in this case the easy glide planes are preferentially oriented parallel to the horizontal axis.
Laboratory polycrystal samples subjected to various stress fields indicate that individual particles undergo a combination of deformation, rotation, and recrystalli sation. Depending on the type of loading, very different c-axis distributions can be obtained, as shown in Fig. 9 . As a result, the rotational symmetry is distorted due to the combination of simple shearing and recrystalli sation. Figure 10 depicts the deformation field inside an ice sheet, showing the trajectories of the ice grains. Pure shear, i.e., biaxial compressive loading is domi nant in the region near point D, while simple shear dominates near the solid earth. These are the two primary deformation states. A material law describing the . stress tensor must therefore reflect the induced texture of a polycrystal along a deformation path, i.e., [11] , [12] .
Ziel ist einerseits die Beschreibung von Gletschern oder Eisschilden durch die Eiszeiten der Vergangenheit bis zur the ellipse shaped structures indicated in the lower portion of Fig. 10 .
One can incorporate induced aniso tropy into a constitutive equation for the stress tensor by introducing one or more structure tensors, which are themselves dependent on a statistical distribution function of the crystal orientations. The change in crystal orientation along a deformation path must be described by its own evolution equation -a so-called Fokker-Pianck equation. The first formulations for such a theoretical model already exist; they are structurally very similar to the material models for liquid crystals [10] . However, these equations have not yet been adapted into a numerical flow model for glaciers and ice sheets.
Glacier and Ice Sheet Dynamics
Among the fundamental tasks facing a glacier dynamicist i s calculating the velo city, temperature, and water content fields within the ice mass and determin ing how the glacier geometry changes due to climatic effects (precipitation, atmospheric surface temperature, etc.} or effects on or within the ground beneath the glacier (e.g., deformation of the earth surface due to the glacier weight, inflow of geothermal heat, etc.}. The free bound ary value problem of Stokesian flow of a pseudoplastic fluid (1} has been solved numerically in simplified form (the so called shallow ice assumption} by various researchers [1 1, 12] .
The objective is, on the one hand, to describe glaciers or ice sheets through the Ice Ages to present, and on the other, to the greenhouse effect and the corresponding increase in worldwide ocean levels. Another important aspect is determining the age of ice samples because, combined with ana lysis of 02, D2, C02, isotopes, such information assists efforts to determine climate characteristics of the distant past. Figure 11 shows the volume of water lost by the Greenland ice sheet over the next 5000 years if the mean atmospheric temperature rises 2, 4, or 6 K. In the case of a permanent temperature rise of 2 K, the ice sheet loses very little volume; -� ---- however, for 4 and 6 K temperature increases the amount of volume lost, and the corresponding sea level rise, are dramatic.
Conclusions
Snow and ice are rheologically complex materials that are quite demanding to characterize, both theo retically and experimentally. Knowledge about the complex behavior of these materials is still in its infancy. However, much should be learned over the next few years, especially regarding induced aniso tropy in polycrystalline ice that exists in large ice sheets. �Rh
